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CERTAIN INVARIANTS OF A QUADRANGI/E BT PROJECTIVE 
TRANSFORMATION. 

Db. Edgak Odell Lovett, Princeton, New Jersey. 

A geometrical configuration depending on in independent parameters has 
m — r independent invariants by an r parameter Lie group of point trans- 
formations ; these 7n — r invariants are found by the integration of the com- 
plete system of simultaneous partial differential equations 

Z,f=0 , ..., x,/=o, 

where the JE^y are the r independent infinitesimal transformations which gen- 
erate the r parameter group. 

The object of this note is to determine the invariants of a plane quad- 
rangle, i. e. of a system of four points in the plane, by several projective 
groups of the plane. 

1. The general projective group of the plane is an eight parameter group 
generated by the following eight independent infinitesimal transformations : 



p q xp yq xq yp a?p -\- xyq xyp + y^q 



where 



P 



3f 3f 

Jx'^ = 



y 



The quadrangle is a configuration depending on eight independent parameters, 
namely, the coordinates {Xi, y,), (x^, y^, (»3, y^, {x^, y^ ; accordingly the quad- 
rangle has no invariants by the general projective group. If, however, the 
quadrangle degenerates into a system of four collinear points, the anharmonic 
ratio of the four points is a known invariant by the general projective group. 
Hence, for this case, if we construct the determinant whose vanishing expresses 
the condition that the simultaneous system 



,' ^x^ ' / 9yt 


.0, i>,% = o, 

1 8Xi 


y,, ^^ — I'r ^f —0 Xii ^^ — 

1 3yi 1 dyi 1 3Xi 


1 [ cX^ ciyi^ 


=°. fr*|+-'g.] 


have a solution, we find the fol 


lowing theorem : 



(1) 



= 0. 
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If the four points («„ y,,), {x^, y^), (a;,, y^, {x^, y^ are colUnear the deter- 
minant 

^xVx ^2^2 ^iVi «42/< Vx yi yi yl 
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(2) 



va7iishes. 

2. There is no seven parameter projective group in the planb. There are 
two six parameter projective groups. The first of these is the general linear 
group 

p q xp yp xq yq . (a) 



The invariants sought are the solutions of the complete system of partial dif- 
ferential equations 



y 9<p y ^f V 

1 3Xi 1 3yi 



3a> 



' ' Par, ■ 



f*.|"f'-|,= f*.|.=»- w 



The first and second of these equations assert that the invariant functions 
<P («i. yi) depend on the differences 

Vi = y2 — yi, ^2 = ^3 — 2/1. v^ = y* — yi' 

so that the third and sixth may be written, respectively, 



and the fourth and fifth become, respectively, 



1 



= 0. 2>,:^. 
1 



''''dui~'^' V ' 3Vi 



(4) 



(5) 
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The equations (4) are equivalent to the simultaneous systems 
duy du^ du^ . dvi dv^ dv^ 

111 ~ U2 ~ M3 ' Vi ~ v^ ~ V3 ' 

which show that ^ is a function only of the variables 






V. 



t — ^ t — 



If these be introduced as new variables in equations (5), the resulting equa- 
tions show that the invariant function is a function of («i — <i)/(«2 — 4)- 

Developing (*i — ^i)/(«2 — ^2) ^^^ its analogous forms we find the three 
invariant equations 

I "l, «2 \/\ Wl) «3 I = <-'l , I '«1> ■"2 I/I "2. ^3 I = <^2 . I Wl. V^ !/| W2> ^'3 \ = ^i , 

only two of which are independent,* as was to be expected since an invariant 
function of eight independent variables by a six parameter group was sought. 
In order to interpret these invariants geometrically we develop c^, c^, and Cj 
still further. In fact 



C\ = I Ml, '>h i/i W], ^3 
similarly 



_ fe — a'l) (^2 — yd — {^2 — a;.) (^3 — Vi) ^ A123 
(«, — X,) (y^ — y,) - {x; — «,) iVi — y,) A l'-^* 



_ A132 



c, = 



A142 



'■' A134' "^""AHS 
Hence the theorem : 

If the quadrangle (1234) he transformed hy the Lie group 



p q xp yp xq yq 



the ratios of the triangle (123) to the trianglen (124) and (134) remain unchanged ; 
i. e. the area of the quadrangle is changed in a constant ratio. 

• That there are not more than two independent solutions of the original complete system (3) 
is seen from the fact that all sixth order determinants of the matrix 

11110000 
00001111 

iCj Xj asj ajj 
Vi Vi Vt Vi 

Vx Vi y» Vi ^ 

as, iBj a;, iUi 
do not vanish identically. 
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It is of course obvious that any function of c,, Cj, and c, is invariant by 
the transformations of the group. The result of this article might have been 
anticipated. The group is the so-called general linear group of the plane 
whose characteristic property is that by it all areas are changed in the same 
ratio. 

3. The only other six parameter projective group in the plane is the group 



xp yp xq yq 3^p + xyq xyp + y'^q 



{?) 



The corresponding complete system to be solved is 

'dx. 






4 
1 



' .,9(p , 9<p ^ t, 

_' 9x,^ '^'Sytj / 



3w 



3y]\ 



(6) 



y/^i = o. 



The first and fourth of these equations give ^ as a function of the variables 



x. - y. 



2/i 



^'=¥: 






These introduced as new variables reduce the second and third equations 
respectively to 



1 du,- 1 SVi 



(7) 



and the fifth and sixth respectively to 

i, j u, {u, - 1) if + V, {u,-\)^f.\=o. 

The equations (8) are satisfied if ^ is a function of the variables 



(8) 



these introduced in equations (7) reduce them to the forms respectively 

i (r _ l^ ^ - i> (r- -1)^-0 



(9) 
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the first of which admits of the solutions 



''3 
=■1 1 



which substituted in the second produce the general solution 

~ T = constant . 

s, — 1 

Expanding this last expression there results 

^2 — 1 ^ >'3 — f\ ^ ^ I ^-3^ V, I ^ ^3 I «'<. Vi ! ^ 3/3 A 024 
s. — 1 ' '2 — n v^ 1 M2, w, i 2/4 I a"3. ^2 1 2/4^023 ' 

where zero is the origin . Hence tlie theorem 

If a quadrangle (1234) is subjected to the transformations of the Lie group 



xp yp xq yq x^p -f- xyq xyp -\- ifq 



the ratio of the triangles (023) and (024) varies as the ratio of the ordinates 
t/j and yt ,' similarly the ratio of the triangles (012) and (013) varies as the 
ratio of the abscissas x^ and x^ ; these two factors of proportionality are the inde- 
pendent invariants. 

That there are no more than two independent invariants may be verified 
by constructing the test matrix as in the foot-note to the preceding section and 
observing that all sixth order determinants do not vanish. 

4. There are three types of five parameter projective groups of the plane. 
We shall take space to find the invariants of the quadrangle by two of them 
because of the beauty of the geometrical results. The group 



p q xq xp — yq yp 



(^) 



yields the complete system 

i;.§^=i%=i,^,.^ = i;f^,^^__2/*^l = 4i?^-0. (10) 
i*5«< ^'^y^ i' '9y( i' [ ' 9Xi ^' 5y,.J I'^'Saj, ^ ' 

This system of five equations in eight variables has three independent solu- 
tions but no more as its matrix shows. 

The first two equations make (f a function of the differences 

Wj ■^— *t>2 '^1) ""2 ^~* 3 "'I y Ua ' 3ua ' 30-% I 

«i = 2/2 — yi. ^2 = 2/s — Vi , ^'3 = 2/4 — yi ; 
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and these substituted in the last three equations lead to the three independent 
solutions 

I Mi, ^2 1 = 2 A123 = c„ I M„ V, 1 = 2 A124 -= c„ | ti„ % \ = 2^134 = c, ; 

whence the theorem 

The area of the quadrangle (1234) is left invariant hy the Lie group 



p q xq xp —yq yp 



This invariant might have been anticipated had it been observed that the 
group is the so-called special linear group whose peculiar property is that of 
leaving all areas invariant. 

5. Consider finally the five parameter group 



i>'.q xp — yq yp a?p + xyq xyp + y'q 



i/A 



the simultaneous system to be satisfied by the invariant functions sought is 
made up of the following equations : 



V ^9 V 
1 c']/i 1 



00 Sw 

' 9xt ^* 8y, 



9(p 



'y^r'' 



4 

1 



2SIP 



+ x&i 



d(p 



4 

1 



'*l+^-l'-' 



The first and third demand the ^ be a function of the variables 



•^9 - . '^% 



«4 . 7, —V-^ 



X, 






^3 7, —Vi 

— t;„ — 

2/1 yi 



These are found to satisfy the second equation identically and to reduce the 
fourth and fifth respectively to 

Whence the solutions 



M, u, n. 



Hence the theorem 
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If the quadrangle (1234) is operated on hy the transformations of the Lie 
grovjy 



xq ayp — yq yp o?p + xyq xyp + y^q 



the ratio of the abscissas of any two points vat'ies as the ratio of the ordinates 
of the two points ; the factor of proportionality is different for different pairs. 

The reader may find it interesting to construct the other invariants of 
the quadrangle by the remaining projective subgroups of the plane. He will 
observe that many of the results admit of immediate extension to a system of 
n points. Lie has determined all projective groups of the plane ; they are 
tabulated in Chapter XI, § 4, of his Lectures on Continuous Groups. 

6. The corresponding theorems for the quadrilateral may be found in the 
following manner. 

An infinitesimal transformation in point coordinates is designated sym- 
bolically by 

by this transformation x and y receive the increments 

dx = Ux, y) St, 8y = iij{x, y) dt . 
Let its equivalent transformation in line coordinates be 

Vf^f{u,v)^^^ ,p{v,v)£; 

by which u and v are respectively increased by 

3u = <p (w, v)dt, dv = <p (u, v) dt . 

Either of these transformations may be derived from the other by the con- 
ditions 

ux -]- vy -\- 1 = , 

d (ux + wy + 1) = . 

9f 9f 9f 9f 

Putting p= ^ , q = -^ , s = ^ , t = ■^, the following table explains 

its own construction : 
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^P + w 


d{uz + vy ^ 1) --= 


^S + (/>( 


p 


u + xdn + y8v = 


■>ih + /<w< 


9 


V + xda + y^y = 


uus + tr'i 


xp 


ux + xdii + ydv = 


— MS 


xq 


vx + x8u -\- ydv = 


— Vd 


yp 


icy + xdu -\- ydv == 


— Mi! 


yq 


vy + a;^(f + ydv = 


— vt 


x'p + xyq 


twr* + vxy + «(?« + y^y = 


s 


«yp + y\ 


uxy + vif + xdu + ydv = 


t 



The determinant D, written in (mj, «,), (mj, ^2), ("a) ^3), ("i. Vi) in place of the 
X, y, vanishes if the four linos are concurrent, since by the above, the general 
projective group is seen to have the same form in line coordinates that it has 
in point coordinates. 

The other theorems can be immediately translated by observing that the 
groups (a), (/?), (A), (/i) in point coordinates assume respectively the forms (/9), 
(a), (//), (A) in line coordinates, and the corresponding geometrical interpreta- 
tions offer no difficulty. 

It is perhaps not out of place to call attention to the fact that Lie expresses 
the property that a group is its own dualistic by enclosing the transformations 
of the group in a double rectangle thus 



p q xp xq ^jp yq a?p -f xyq xyp + fq 



Pbikoeton, New Jebse;, 10 January, 1898. 



